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THE GYRATOR, AN ELECTRIC NETWORK ELEMENT

by B, D. H, TELLEGEN.

A2LATRE

Thera in o trodditional sntithesis beteosen the procefoal misd and tke mind inclined i pars
selvalfic parawita s dw fermer i maisly iueresied (0 Bnndelge tae cen be pui immedinm ts
msi. while the foster panders fivadameninls and fmies 1o seroduce geentee diarity ard grernlity
ey rlgoesie senaidaraliane which the practical mar probilly fnde superfioecs. The inendion
af ke gyrater iy Praf, Tallagen dv o siribing ilnaearion s the avrrice that mn berandesed s
augineering by the pare seieatific appros | srlginedly vigerded as g hypethatioe! poeribilisy, o
pussihility thae b g3 be recogmised for the sale of complimess, the grrater bas anbsrguesily
and perhapr rafer surprisimgly dooame o peality in the seordd of micrepme

Wide nse is made in electrical engineering of net-
works composed of resistors, coils and capacitors, the
latter being knpwn as network elements. In wse, there
is conversion and exchange of energy within and be-
twesn tiese network clements. In reststors eleotrical
enerpy can he converted into heot; in epils and
capacitors cpergy can be stored and later relensed.
The setworks are provided with terminal pairs
allowing an exchangs of énergy to take place with
the exterior. A terminal pair consists of two
conduciors between which n'rﬂ]:lagn- of instantaneeee
value ¢ can exist and 'I]Irnug'h which n eament of
inatantaneons value ¢ can o {l.i:.-r'_ﬁ_;, I_}l.TIJ.-u{lnergF

Fig. 1. Metwork with nne tereminal pair,

supplied to the nutwork via the terminal pair in o
tima ot i fpde; it con be positive or negative, The
network decermines relativns between the voltages
amd ourrents at the termioals, the number of
relations being equal to the number of terminal pairs,
If for example the network consists of one resistor
R. it has one terminal pair and the relation i=
& = Hi.

Networks made up of resistors, conls ond copaciters

For the nser notworks are charncterized primarily
by the relations that hold between the terminal
voltages and currents. As long as the relations
betwesn these veltages amd corrents ore the ones
degired, the actual composition of the network s,
for the user, of secandary coneern, It is therefore of
great importance te know what sots of such relations

are poesibile with networks consisting of resistors,
coils and capaciters, All the possible sets of relations
form an arsenal frem which the user can take his
choigi.

In order o build op the whole arsenal, ie, a
complete Lst of the possible sets of relations, let we
first look for general propertics of the relations; we
can then try to demonstrate that, for each set of
relations having these properties, it is possible to
design u petwork of resistors, coils and capacitors
for which the said relations are valid, This can be put
in ancther way by saying that we ehall try to find
necessary and sufficient conditions for the sets of
relutions if they are 1o be realizable by networks
companesd of resistors, coils and capacitors.

General proporties of the relations are that they
cansist of {inear differential equations relating the
terminal  voltages amd currepts, and that the
coefficients of the equations are constant, ie not
dependent on time but determined only by the
magnituile of the dements compusing the networks.
Furthermore, the networks contpin ne source of
cocrgy s thev are soid to be passive.  Certain
propertivs of the cocfficients of the differential
aquations con be deduced from the fact tha the
networks are passive. Let us consider, for example,
o network with one termingl pair, the properties of
which are governed by a differontial squation of the
first wnder, 20 that we can writa:

4%—'!!1'::-:;; +de, . .. (1]
where a, b, ¢ and d are constants, From the passivity

of the petwork it con be shown that a, &, ¢ ond o all
hawve the same sign.

This can be demonsirated sa follvwe T we short-cireuit the
bﬂh"ﬂ-lk.il-lulh:l'wunhifw\-hw v = U, ike varrena will be
deteiminem] h:.l'.

I-Ei+l‘.l|!—i.l.
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sedutios of this diflfcrential pnalive jss

;=ﬂ,‘7’

48 the wometant of miegration. In consequence of the
%y, the éurrent in the short-cirooited network cormok
mdelicitely acnl henee o apd & bave the same sigm It
& i a4 mmillar way; by considering the network o be oper-

— i.m, by keepinge § = [, thai ¢ wnd o have ithe sams

Eerdirect ourrent and voltage equation {1) simplifies o
I
that bd represents the DO resbstance of the nerwark.

Bin mnst be positive oo aceomnt of the perwork's passivicg,
d Benee b and d slen have the aanse sign.

For convenience we shall group the three proper-
together and oy that the selz of relations
scterkding networks made up of resistons, colls

I capacitors are linear, constant, pussive. As far

networks with one terminal pair are concerned,

= I.I’I.'UE.IE'I...I‘EH are miGk |:|I:||:|' .ﬂl!tmr:.' h'l.lt ﬂhﬂ-
fEcient, for Brune has demonstroted ¥) that sey
conskant Pmi"E I.'E‘Jll.'i.l.lll Lifife] hﬂ m.ﬂ.‘u.:ﬂ'd h}' a

ork made np of resistors, coils and nal.nm:iulﬁ:.
particular, it can be demonstrated that any
tion hkaving the form of equation (1) can be
=alized |:|],r a network consisting cither of twao
istors and a eodl (if ajc = bjd}, or of two Tesistors

i a capacitor {if /e < bjd}. The two networks
ehown in fig. 2,

A — U~

T HiSE

g I Networks with ose termingl poir and of the ficse andar,

For any network consisting of resistors, codls and
maritors amnd ||..l.1.-'i.|1.s: maore than oms terminol pair
set of relations bolds that, besides being linear
nt passive, hes the property koown as
ciprocity, To cxplain this property we shall take
work with two bormdnal paics and oxpress the
o terminal voltages in terms of the two ternnal
ots; for the present purpose it will be eon-
ient to weite the relationships in complex form,
er than e 1he instantansons valaes. Aecording-

, we obtaing

V= Enl + Zyl,.
Fy= EELI| L -znt[h'!l

0. Bruane, J. Math, Py 18, 191, 1931,

CYHATOR 121

wheee Iy Ty ¥y aed Fy represent the complex
vilues of the verminal currents and voltoges, 1T we

agsume the sign convention for currents and voltages
as indicated in fig. 3, it van be shown that always

Ly =12y . . (3}

-2

£ /I
+
¥

¥z

WrEar
E":'i. 1 Matwork with Ewno termios] paire,

Expressimz the corrent J, through the first
terminal pair and the voliage V. acrocs the second
tereninal pair i terms of the two other terminal
quantities, we fnd from equations (2):

I, = 1 Fl_.z_“:'!-‘ll ?
Ell I.II H’}

v Zay Zuda— Tudn |\

: II:I 1 EI.I : ¥

The coeflictent of V) in the gecond sgquation above
is mow EI!'IIHJ amid nFll:ruu.i.tE m I.:i.EI:I Lo the coefficient
of f: in the first nqn.atiun. The relation |:3} batween
twn coefficients of equatiine l:ﬂ} and the relation
jl.l.l_.t dizspussel between two coelficients of Eqn.:li.-lm
[-i-] are known as the :ﬂ:r:ip:nr:it}- relntions.

Far networks with more than one termimal pih'
B::.ra:ni and others have ﬂ:mumh':l.t'dt}l that any
linear constant Pmive met -of relations ]I.ﬂ."!-'IIIIE the
recipracity property can be renlied h]-' a nebwork
nnn.zisl.ing of resistars, enils mnd Ell.l.it:il.l'!l'l. Hemen
the said properties of sets of eelations are suffcient
a5 well as necessary,

(har areenal of sl Fnuih]t.mu of relations n:pa.b.l.n
of realization by networks made wp of resistors,
eails snd capacitors is thus cnnle:E.

Lingar comstant passive sysiems

The result sbtained above is not entirely satisfant-
oty, however, We have baged our considerations on
the fesistors, coils and copacitors that led thei
orpgin in the lboratory. Electrical engingering has
sienply accepred thess elomeniz for constructing
networks, Thers 1a HI:II:H:I‘LiﬂE arbitrary and fortuit-
ous about all this. Must we necessarily use these

8y M. Bayard, Bull, See. Elert. 9, 497, 1944,
Abso B. [ H. Tellegen, J. Plys. 32 1, 193], which
gives Durther refiremoes 10 the liveratare,
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elements for the building-up of networks? Should an
affirmative answer be found to this question, we
waunld be faced with ancther ane: are other elements
coneeivable, elements that have not beon found in
the laboratery ?

In order to investigate these questions we must
not proceed from the basis of the conventional net-
work elemants and the networks composed of them
but approach the problem from another direction.
We mnst consider “black boxes™, syeiems with
terminal pairs that are characterized only by the
eets of relatione exizsting between the terminal vale-
ages and currents withouot concerning ourselves with
what is imside them., In what foflows we chall confineg
curschves 1o linear constant passive systems, by
which we mean systems characterized by Enoar
copstant passive sets of relations, Wa conld of course
pubject ourselven to less stringent limitations:
wa woulid alse consider systoms contaiming emergy
sourees [active eystems, such as amphifiers), systems
charncterized by linear sgquations with variahle
eaofficients (variable systems). or systems character
ized by nonlinesr squations (non-linear systems),
Howewver, such systems have properties that depart
apprecinbly from theee of the networks considered
ahove, and are of @ more complex nature. We shall
therefore leave them aside.

Let ws mow try to find the “simplest™ kinds of
lingar constant passive systom. Thess simplest
gystems we shall call network elements, by dafini-
tion. In this way we shall try te arive at a set of
network clements sach that any linear constant
passive system chn be realived as o network com-
posed of them, We can regard such a set of network
elements ag o complete set,

In order te give n meaning to the epithet
“simplest™, we shall have 1o elassify our “black
boxes”™. We shall do =0 according to the number
of terminnl pairs, the order of the differential
equations characterizing them, and whether or not
they are able to dissipate electrical energy, ie. to
tranaform it into heat, This leads, ns o first step, to
the investigation of systems with one teeminal pair,
of zern order and invelving no dissipation, For sueh
systems the power supplied must be zere at any
imstant. ie. @v = 0y therefore sither § =0 [open
termminal pair} ar v = @ (ghort-cireoted terminal
puirf. This does not produce a oetwork element.
In aoeordonce with the threefold elassification, our
next step will be to jnvestigate three clusses of
systems, namely (1] systems with ops terminel pair,
af gera order and invoelving dissipation, (2} systems
with one terminal pair, of the first order and involving
oo dissipation, and (3} svetems with two terminal
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pairs, of 2ero order and involving no disipation.

(1) Systeme with one torminal pair. of eero order
and fuvelviag dissiparien

These systoms are characterized by an equation
having the form:

v=HRi, R=1, 5]

The fact that B is positive iz 0 consequence of

the passivity of the network, this requiring that

v should be positive,
(2) Systems with one terminal pair, of the firase
arder and invalving no dissipation

Systems with one terminal pair and of the fme

orider are characterized by an equation of the form
¢f (1}, It oan be shown that this represents a system
involving no disstpation either if b = 0 and ¢ — 10
orif @ = 0 and d = 0. Hence these systems are of
two kinds. The first kind i characterized by an
equition of the form:

ili

u=La. | - | {6
and the second kind by an equation of the forms:
T JR T R

dt

The abeve muy be desived s felluws, The system to whish
{1) & applicsbls has an fmpedonen of
SR
jue + &
Lu veder ehat there shoald he ne dissipation, the roal part of 2
minst he woro at all freqoincies. Tt follows that = = 0 asd
db = 1, Sinee o = 0 and & =  means that 2 = i wnd ¢ = 1}
and = & mesns that = o0, thess solutions may e
disregurded, Thws either ¢ and b, or @ and o, must bo se, and
thess wo cases produce eqestions {§) and (7 respectively.
Hirw the passivity of the network requives that o, b o and 4
should sll have the samnn sign (see above], it further follows
thot L = &/d and £ = ¢/b are both positive,

Before examining the third class of simplest
svatems we shall take o closer look at the three
systems, (5], (6), and (7), slready found. As
stuted above, we shall regard them s netwerk
elements, The latter, then, are defined by equations,
not by the physical means required to realize them.
For example, we cannot infer from the equation
t = Ldi/ds that it deseribes a “coil™. A super
sonductor has the sume equation when we take the
effect of the mass of the conducting electrons into
appeanl. The Kinetic energy of these electrons
then tokes the place of the magnetic energy of the
eail.
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The thres setwork clemwents, so defined, are
“ideal”t they can only be mealized spproximately.
For example, (3) i approached by a resistor with
bow stray capacitance and low self-<inductanee (6)
by & lew-loss coll with & Tow stray ecapacitance,
and {7} by a low-loss capacitor with a low self-
inductance [hemee the symbols B, L and C gsed m
the equations].

The way in which the nework elements are
realized 38 only of secondary importance to the
user; it is the external properties given by (3), (6}
and (7}, that are of primary interest. This remark is
similar to that made eaclier regarding networks: the
user has little interest dn thelr internal composition.

(3) Svstems with o terminal pairs, of sero order
and mvolving oo dizspation
For these svatems the total power supplied o the
terminal ];uriT: is eera al ony inatant, so that
r'1+'; + lll’-'i T “-
where i'l, E-#pj kil vy represcni instantanesns valaes
of the terminnl eurremts amd voliages, the sign
convention for these quantities being assamed to
be in accordanee with g 3. This condition reanlis
in twn kinds qfn:.'sl:(:m:, lumd:," those characterized
by equations of the form:

il = _n'lll'l.!
Vg = J'Il|.|'||

(@)

and thoss characterized by equations of the form:

"

Equations {8) and {%) moy be derived as fllows, IE for a
two-termiial-pale system of mero under. we sxpres the two
terminal woltages |n terms of the twoe tarmimnl caccents, wo
ckn write the equations as:

L e "’:u.'lu L "'"I.‘r i CRE R TR
vy = gl + Sgige }
It fodlowa feom this that

L

I L T S TP B T R P

(1)

In order that (10] eBwnld repeesent g system involving oo
dissipatine, [11) ot be peen fer alf values of i) and iy henre
= B, dyq 5 oy = bl gy = I, which resmdts In (9}

Suarting from the squatisoe thal cxpress i) and i in cerms of
ty and vy we ales arrive at (91, Howover, it & abe poscibie
to eonceivn svatnme ie which # ond B canmot be expressed
in terms of i and &, or vige verss, This bs the case for systems
that ere cherectecized by a relstion bevwesn § o asd & asd o
redatlnn between £y and vy, making it imgrnaaiblde o chokss §
and £, or o and oy a8 independent varinhlee, In onder to in-
westigate these systems we can start fmmn squations sapressing
i, wnd vy in teems of vy snd i, or vige wersa, We then srrive wi
@
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We shall regard the systemes thos Found, (8} and
19, as two luriber wetwork elemenss, System ()
i3 called an ideal tresmsformer and we have pro-
posed 3} the name ideal gyroter for syetem (%)
Observativns similar to those made above on (3},
(5} and (7] may olso be made on these two svetems,

An approximation to the idenl reansformer is
given by two tightly coupled low-loss coilz of large
self-inductanoes, This is in fact the way in which the
comeept first arose. The theoretical route by which
we hove now arrived at the same concepl sl 'l-\'l.lj!'
wi should n;an:l the ideal tran=former as a Boparale
network element, defined, in facr, by (B), From the
remarks on reciprocity in conmection with equations
(4] we ses thot the ideoal tromsformer alss possesses
this property. The ideal gyrator does o pocsess
the Frnllgrt}l af rl:u'l[.lrm:il._'r. ay will Lie clear from &
Enmpnri..l-nn af l:';l]: with [2_] and {3:|. I is therofore:
impossible to obtam an approximation o it by
mmhi.n.ing resistors, eodls amd cu.pa.-l’.‘i.[l:li‘a. bvecanze
such p oombination u.lwa.:,rn has the pn.lplil.r't}" af
reciprocity, as we sow above, For the reallzation of
tlu _H::,r:l.tur other p]r}'ui.nu.] mepns are Leceiiary.
One way nfr:l].i.ﬁ.ng il.| mu]:l:'lng uze of E}':umﬁ.g,l.l.&liﬂ
effects n ﬁrmmusnr-tif: matermala, will be desesibed
in @ forther arigele in this Hewview ":I.

Tht- qﬂ.ﬂitin:-u of the HIII.T.EI: tir the sef of network
clements har extended the hst of Pmeihln gets ol
relations between terminaold l'IJI.LIEEH amd currents.
This extension was made possible by the foct that
we started from linear constant passive sydlemes as
stich, without :imp-u-e:'mg on them the condition of
reciprocity, The fact that system (9], while being
lincar constant passive lacks the property of reci-
pmc:jl.}'. shows that the latter &= not a COEE R IREILCE al
lincarity, constanecy and passivity, and that im-
posing it dees indeesd constitute o Hmitotion of the
poasibilitics,

Smme propertics of the gyratos

The ideal gyrator has the property of “gyrating
g current inte g voltage, and vies versa, The eo-
efficient &, which has the dimenszicn of & resistance,
we call the gyration resistance; 1= we call the
gyration  conductance, We slall represent  the
gyrator in circuit diagrams by the symbol shown in
fig. 4

The Tollawing properties of thie ileal gerator can
be esasily derived from (3.

":I B I H. ']'ilﬁ'ul. :F'!.lll'n]'n Hica. H.-p. 2, EL T
OH Ihh_rnﬂ, Applicktion el feraxcube 10 yni-dirceonal
wavegaides, 1o sppear shortly i this Hevigw.,
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If we hove the sutput terminals open-circuited,
Le. gy == f, the input terminals are short-cirenited,

1 -tk
¥ I Fa
L] ) L.

[ el ]

Fig, 4, Symbel for the gyratwe.

boe. vy = 0, and vies versa. If we connect an induct-
ance L or a capacitance © across the output
terminals, we find a capacitancs Ljs* or, in the seoond
case, an indoctance s*C between the inpat terminals,
In general, if we connect an impedance Z across the
cutput terminals, we find an impedance 2/ 2 between
the imput terminals. An impedance 7 in series or in
purallel with the osutput terminals has the same
effect a2 an impedance 57 in parallel or in serpes,
respectively, with the inpat torminals | fig. ).

- 3)

: i
Fig. 5. An impedanee In series with omo sermsinal pair of an
Heal gyrator = equivabent to anotker impedance in parall=]
with the ather terminal paie,

Twa ideal gyrators in cascade form an idesl
transformer; an ideal gyrator and an ideal transform-
er in cascade form another idesl gyratar, e

The combination of a pyrator with a resistor
shown in fig, o gives a system to which the following
apply:

vy o= Riy 4+ (R— )i, }
ty = (Rtakiy + Riy. |~

Thus an imput i) gives rise to a valtage eomponent
{R-+a)i, across the output: sn outpnt eurrent i
gives rise to a voltige component (f — )i, across
the input. If K = s, the latter component is zern,
po that the input voltage is imdependent of the

(1)
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owtput corrent and depeadent only on the Input
current, In inch a case we may say that the syetem
trahsmits only in the direetion from input to output,
and pot m the reverse direction. The system
ehown in fig. b has properties of & similar kind; this
can be easily demonstrated by writing down the
euains expressing the terminal correnis in terms
of the terminal valtages,

Reg

gl P

a & Wi

Flg. &, Uni-direetional networks, i.e. networks that tramanst
only in ome dirsction.

No forther elements remain to be added to the
five ideal linear constant pasive network elements;
Dena and Yasurs have demanstroted 5) that any
linear constant passive syatem can be realived as &
oetwork composed of thess five network elements,
The five ideal network élements therefore form a
eomploie set.

) Y. Oooe and K. Yaswurs, Mem. Fae. Engmg,, Eywahs Unby,
B4, 124, 1954 alsa in Ann Telseomm 0, pr- 13 and 100,
1054,

Summary. The writer commiders the electric metworks having snn
ar more terilingl paim that con ke bisle np from penventional
metunrk  sleinenta, namely reabstors, coils aod capaciters,
The set of relatione hetwaen termmal voltsges amil cirrents
determined by such n netwark has proparties that eoreespond
tothe linear, constant amd passive nture of such petworks o,
fartbermore, bas the property of eeciprcity. It kes hoen den
monstrated thai, senversaly, propetbies are mudBeion
far any set of ralation possessing them to be realizahls by 5
nehroa. The writer reverses this lims of rensanlng and rasses
the tine: what [Ideal) setwerk clements nust be intrp:
duped iz arder Lo it pesikle 4o reelise all linear cunstant
pasilve syateme, There sre oo grounds for including reciprecity
fudnget the propertics impoced. It i then shosen that, apart
fream the conveational clements — resistor, coil, spacrtor,
ik the ideal transformer — n new neiwark element has to be
i‘ﬂ-uﬂlllntnﬂl:lhilmﬂmmm t has heen 1h]u:um'|nil-i;u.1 gymmth_
Netwirks ocontaiming naw  plemean lack the
property of reclpeosity, 4 hrief sketeh is i of some of the
prepertios of the gyrutor,




